We study streamwise turbulence intensity definitions using smooth-and rough-wall pipe flow measurements made in the Princeton Superpipe. Scaling of turbulence intensity with the bulk (and friction) Reynolds number is provided for the definitions. The turbulence intensity scales with the friction factor for both smooth-and rough-wall pipe flow. Turbulence intensity definitions providing the best description of the measurements are identified. A procedure to calculate the turbulence intensity based on the bulk Reynolds number (and the sand-grain roughness for rough-wall pipe flow) is outlined.
Introduction
The turbulence intensity (TI) is of great importance in e.g. industrial fluid mechanics where it can be used for computational fluid dynamics (CFD) simulations as a boundary condition [1] . The TI is at the center of the fruitful junction between fundamental and industrial fluid mechanics.
This paper contains an extension of the TI scaling research in [2] (smooth-wall pipe flow) and [3] (smooth-and rough-wall pipe flow). As in those papers, we treat streamwise velocity measurements from the Princeton Superpipe [4, 5] . Other published measurements including additional velocity components can be found in [6] (smoothwall pipe flow) and [7, 8] (smooth-and rough-wall pipe flow).
Our approach to streamwise TI scaling is global averaging; physical mechanisms include separate inner-and outer-region phenomena and interactions between those [9] . Here, the inner (outer) region is close to the pipe wall (axis), respectively.
The local TI definition (see e.g. Figure 9 in [10] ) is:
where r is the radius (r = 0 is the pipe axis and r = R is the pipe wall), v(r) is the CONTACT N. T. Basse. Email: nils.basse@npb.dk local mean streamwise flow velocity and v RMS (r) is the local RMS of the turbulent streamwise velocity fluctuations. Using the radial coordinate r means that outer scaling is employed for the position. As was done in [2, 3] , we use v as the streamwise velocity (in much of the literature, u is used for the streamwise velocity). The measurements in [10] were on turbulent flow in a two-dimensional channel and similar work for pipe flow was published in [11] .
In this paper, we study TI defined using a global (radial) averaging of the streamwise velocity fluctuations. The mean flow is either included in the global averaging or as a reference velocity. This covers the majority of the standard TI definitions.
There is a plethora of TI definitions, which is why we use the term fugue in the title. This is inspired by [12] , where Frank Herbert's Dune novels [13] are interpreted as "an ecological fugue".
The ultimate purpose of our work is to be able to present a robust and wellresearched formulation of the TI; an industrial TI definition. Our work is not adding significant knowledge of the fundamental processes [14] [15] [16] , but we need to understand them in order to use them as a foundation for the scaling expressions.
We include a discussion on the link between the TI and the friction factor [3, 17] in the light of the Fukagata-Iwamoto-Kasagi (FIK) identity [18] .
Our paper is organized as follows: In Section 2, we introduce the velocity definitions. These are used in Section 3 to define various TI expressions. In Section 4 we present scaling laws using the presented definitions. We discuss our findings in Section 5 and conclude in Section 6.
Velocity Definitions
The friction velocity is:
where τ w is the wall shear stress and ρ is the fluid density. The area-averaged (AA) velocity of the turbulent fluctuations is:
The fit between v τ and v RMS AA is shown in Figure 1 :
The velocity on the pipe axis is the centerline (CL) velocity:
The mean velocity is given by: 
The difference between the centerline and the mean velocity scales with the friction velocity. The corresponding fit is shown in Figure 2 :
where the fit constant is close to the value of 4.28 [19] found using earlier Princeton Superpipe measurements [20] .
Turbulence Intensity Definitions

Local Velocity Definitions
The arithmetic mean (AM) definition is:
The area-averaged definition is: In [3] (Equation (9)), v RMS was defined as the product of v m and I Pipe area, AA . Comparing the resulting Equations (11) and (12) in [3] to the current Equation (4), we find a difference of less than 5% (9/5 compared to √ 3). Finally, the volume-averaged (VA) definition (inspired by the FIK identity) is:
Reference Velocity Definitions
As mentioned in the Introduction, we use outer scaling for the radial position r. For the TI, we separate the treatment to inner and outer scaling below, see e.g. [15] .
Inner Scaling
For inner scaling, we define the TI using v τ as the reference velocity:
where the final equation is found using Equation (4). The square of the local version of this,
, is often used as the TI in the literature, see also Section 5.1 in [3] . This is the normal streamwise Reynolds stress normalised by the friction velocity squared.
I τ is shown in Figure 3 ; no scaling is observed with Re D , the bulk Reynolds number: Re
where D = 2R is the pipe diameter and ν kin is the kinematic viscosity.
Outer Scaling
For outer scaling, we use either v m or v CL as the reference velocity.
The TI using v m as the reference velocity is:
And finally, the TI using v CL as the reference velocity [15] is:
Turbulence Intensity Scaling Laws
The Princeton Superpipe measurements and the TI definitions in Section 3 are used to create the TI data points. Thereafter we fit the points using the power-law fit in Equation (15) and the log-law fit in Equation (16) . Here, a, b, c and d are constants. Q is the quantity to fit and x is a corresponding variable. We first apply the two fits using Q = I and x = Re D . The log-law fit is obtained by taking the (natural) logarithm of the power-law fit. The reason we use these two fits is that they have been discussed in the literature as likely candidates for turbulence scaling. We apply the two fits to the measurements and calculate the resulting root-mean-square deviations (RMSD) between the fits and the measurements. A small RMSD means that the fit is closer to the measurements.
Note that the smooth pipe Re D measurement range much larger than the rough pipe Re D measurement range: A factor of 74 (9 points) compared to a factor of 6 (4 points). The consequence is a major uncertainty in the rough pipe results, e.g. (i) fits and (ii) extrapolation.
It is also important to be aware that we only have two sets of measurements with the following sand-grain roughnesses k s :
• Smooth pipe: k s = 0.45 µm [21] • Rough pipe: k s = 8 µm [22] (see the related discussion in Section 5.1)
The results are presented in Figures 4 and 5 and Tables 1 to 4 . We do not discuss the quality of fits to the rough pipe, since there are only 4 measurements for a single k s . Thus, these values are provided as a reference.
For the smooth pipe, the power-law fits perform slightly better than the log-law fits, except for the CL definition. The best fit is using the power-law fit to the AA definition of the TI:
which is the same as Equation (5) in [3] . Instead of Re D , one can also express the TI fits using the friction Reynolds number [4] : 
The relationship between Re D and Re τ can fitted using Equation (15) where Q = Re τ and x = Re D , see Figure 6 and Table 5 . A log-law fit was also performed but resulted in a bad fit, i.e. a RMSD which was between one and two orders of magnitude larger than for the power-law fit. For channel flow, it has been found that a = 0.09 and b = 0.88, see Figure 7 .11 in [23] and associated text.
We choose to focus on the bulk Reynolds number since it is possible to determine for applications where the friction velocity is unknown.
Discussion
Friction Factor
In [24] , the following expression for the smooth pipe friction factor has been derived based on Princeton Superpipe measurements: A corresponding rough pipe friction factor has been proposed in [25] :
The friction factor can also be expressed using the friction velocity and the mean velocity, see Equation (1.1) in [24] :
or:
The equations for the smooth-and rough-wall pipe flow friction factors are shown in Figure 7 along with Princeton Superpipe measurements.
We have included additional smooth pipe measurements [20, 26] . Both sets agree with Equation (19) .
Additional rough pipe measurements can be found in Table 2 (and Figure 3) in [22] . Here, it was found that k s = 8 µm. For our main data set [4, 5] , k s = 8 µm does not match the measurements; instead we get k s = 3 µm for a fit to those measurements using Equation (20) . It is the same pipe; the reason for the discrepancy is not clear [27] . However, the difference is within the experimental uncertainty of 5% stated in [22] .
For the rough pipe friction factor, we use k s = 3 µm in the remainder of this paper.
Turbulence Intensity
The wall-normal [17] and streamwise (this paper and [3] ) Reynolds stress have both been shown to be linked to the friction factor λ = 4C f , where C f is the skin friction coefficient. These observations can be interpreted as manifestations of the FIK identity [18] , where an equation for C f is derived based on the streamwise momentum equation: Figure 8 . TI as a function of vτ /vm. C f is proportional to the integral over the wall-normal/streamwise Reynolds shear stress weighted by the quadratic distance from the pipe axis. An alternative formulation for C f based on the streamwise kinetic energy is derived in [28] : Here, C f is proportional to the integral over the Reynolds shear stress multiplied by the streamwise mean velocity gradient weighted by the distance from the pipe axis. It is concluded that the logarithmic region dominates friction generation for high Reynolds number flow. The dominance of the logarithmic region has been confirmed in [29] .
The seeming equivalence between Reynolds stress (shear or normal) and the friction factor leads us to propose that the TI scales with v τ /v m . Therefore we fit to Equations (15) and (16) using Q = I and x = v τ /v m , see Figure 8 and Tables 6 and 7 .
In this case, the power-law fits are best for the local velocity definitions and the log-law fits are best for the reference velocity definitions. Overall, the best fit is the power-law fit using the AM definition of the TI:
which is a modification of Equation (14) in [3] . Combining Equation (22) with Equations (15) and (16) leads to: I Log−law fit (λ) = c
The predicted TI for the best case (power-law AM) is shown in Figure 9 ; one reason for the better match to measurements compared to Figure 9 in [3] is that we use k s = 3 µm instead of k s = 8 µm for the rough pipe. The correspondence between the TI and the friction factor means that the TI will approach a constant value for rough-wall pipe flow at large Re D (fully rough regime). It also means that a larger k s leads to a higher TI.
Conclusions
We have used Princeton Superpipe measurements of smooth-and rough-wall pipe flow [4, 5] to study the properties of various TI definitions. Scaling of TI with Re D is provided for the definitions. For scaling purposes, we recommend the AA definition and a power-law fit: Equation (17) . The TI also scales with v τ /v m , where the best result is obtained with a power-law fit and the AM definition. This fit implies that the turbulence level scales with the friction factor: Equation (23) .
Scaling of TI with Re D and v τ /v m was done using both power-law and log-law fits. A procedure to calculate the TI e.g. for use in CFD is:
(1) Define Re D (and k s for a rough pipe) (2) Calculate the friction factor: Equation (19) for a smooth pipe and Equation (20) for a rough pipe (3) Use Equation (23) to calculate the TI
